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Elliptic regularity results: n-regularized Liouville Brow-
nian motion and non-symmetric diffusions associated with
degenerate forms
Jiyong Shin
Abstract.
We apply improved elliptic regularity results to a concrete symmetric Dirichlet form and various
non-symmetric Dirichlet forms with possibly degenerate symmetric diffusion matrix. Given the
(non)-symmetric Dirichlet form, using elliptic regularity results and stochastic calculus we show
weak existence of the corresponding singular stochastic differential equation for any starting
point in some subset E of Rd . As an application of our approach we can show the existence of
n-regularized Liouville Brownian motion only via Dirichlet form theory starting from all points
in R2.
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1 Introduction
In Dirichlet form theory, the general construction scheme of a Hunt process (associated to a given
regular Dirichlet form) and the identification of the corresponding stochastic differential equation
(SDE) may yield solutions starting from all points but exceptional set only. In recent years using
elliptic regularity results based on [5], [6], and [7, Theorem 1.7.4], it has been shown for various
(non)-symmetric Dirichlet forms that one can obtain enough regularity of the corresponding
semigroup of kernels and resolvent of kernels. In the sequel this leads to construct an associated
diffusion process which solves the corresponding SDE (in the sense of martingale problem)
starting from all explicitly specified points (see [1], [4]). In [1], for instance, using the elliptic
regularity results based on [5] and [6] the distorted Brownian motion associated to the given
Dirichlet form is constructed, which solves martingale problem for explicitly specified set (i.e.
{ρ > 0} there). Recently, by using the strict Fukushima decomposition the identification of the
SDE for the set {ρ > 0} in the sense of a weak solution has been worked out as a part of a general
framework in [19, Section 4].
In this paper we are concerned with applying well-known elliptic regularity results to more
general (non)-symmetric Dirichlet forms, i.e. we consider the (non)-symmetric Dirichlet form
(given as the closure of)
E( f , g) := 1
2
∫
Rd
〈A∇ f ,∇g〉 φ dx −
∫
Rd
〈B,∇ f 〉 g ρdx, f , g ∈ C∞0 (Rd) (1.1)
on L2(Rd, ρdx). Here the conditions on ρ, φ > 0, (degenerate) symmetric diffusion matrix A =
(ai j)1≤i, j≤d, and vector field B : Rd → Rd are formulated in (A) of Section 2 and (H1)-(H5) of
Subsection 3.1, (H7) of Subsection 3.2, and (H8)-(H9) of Subsection 3.3.
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The first aim of this paper is to take into account more general (non)-symmetric Dirichlet
forms, i.e. φ , ρ, the (degenerate) matrix A, and the vector field B as in (1.1). In [18] using
elliptic regularity results in weighted spaces ([5] and [7, Theorem 1.7.4]), stochastic calculus,
and non-symmetric Dirichlet form theory, the (weak) existence of the non-symmetric distorted
Brownian motion is shown for any starting point in some set in Rd. Our extended result includes
the consequences of [18], which is presented in Subection 3.1 (see Remark 3.11). In order
to show the regularity of semigroup of kernels and resolvent kernels associated to the general
Dirichlet forms as in (1.1), we adopt the improved elliptic regularity results as stated in [4,
Theorem 5.1]) and Morrey’s estimate [7, Theorem 1.7.4]. This allows us to consider various
reference measures, e.g. Lebesgue measure and different degeneracy of A as in Section 3.
As a second aim of this paper we apply an elliptic regularity result to n-regularized Liouville
Brownian motion. In [12] C. Garban, R. Rhodes, V. Vargas constructed the Liouville Brownian
motion (LBM). However, it is not clear as stated in [13, Section 1.4] if one can construct LBM
only via Dirichlet form theory. We answer in the affirmative only for the case of n-regularized
Liouville Brownian motion. By setting A = Id, B = 0, φ = 1, and ρ > 0 continuous on R2 we
can obtain a weak solution to the corresponding SDE:
Xt = x +
∫ t
0
ρ−1/2(Xs) dWs, t < ζ, x ∈ Rd, (1.2)
where ζ is the lifetime, W = (W1, . . .Wd) is a standard d-dimensional Brownian motion on Rd.
Applying this result to n-regularized Liouville Dirichlet form, we can conclude the existence of
n-regularized Liouville Brownian motion only through Dirichlet form theory.
The contents of this paper are organized as follows. In Section 2 we state some important
elliptic regularity results corresponding to (1.1) and consider one specific symmetric Dirichlet
form. We present elliptic regularity results and analytic consequences of the form. Subsequently,
we then follow the methods and tools as in [18] to show the weak existence of (1.2) for all x ∈ Rd.
As an application of this result, Subsection 2.2 is devoted to the identification of n-regualrized
Liouville Brownian motion via Dirichlet form theory. In Section 3 we consider 3 different types
of (degenerate) non-symmetric Dirichlet forms of the form (1.1).
2 A result of elliptic regularity and n-regularized Liou-
ville Brownina motion
Notations:
For open set U ⊂ Rd , d ≥ 2 with Borel σ-algebraB(U), we denote the set of allB(U)-measurable
f : U → R which are bounded, or nonnegative by Bb(U), B+(U), respectively. The usual Lq-
spaces Lq(U, µ), q ∈ [1,∞] are equipped with Lq-norm ‖ · ‖Lq(U,µ) with respect to the measure µ
on U and Ab : = A ∩ Bb(U) for A ⊂ Lq(U, µ), and Lqloc(U, µ) := { f | f · 1U ∈ Lq(U, µ), ∀G ⊂
U,G relatively compact open}, where 1A denotes the indicator function of a set A. The inner
product on L2(E, µ) is denoted by (·, ·)L2(E,µ). Let ∇ f := (∂1 f , . . . , ∂d f ) and ∆ f :=
∑d
j=1 ∂ j j f
where ∂ j f is the j-th weak partial derivative of f and ∂i j f := ∂i(∂ j f ), i, j = 1, . . . , d. As
usual dx denotes Lebesgue measure on Rd and the Sobolev space H1,q(U, dx), q ≥ 1 is de-
fined to be the set of all functions f ∈ Lq(U, dx) such that ∂ j f ∈ Lq(U, dx), j = 1, . . . , d, and
H1,qloc (U, dx) := { f | f · ϕ ∈ H1,q(U, dx), ∀ϕ ∈ C∞0 (U)}. Here C∞0 (U) denotes the set of all in-
finitely differentiable functions with compact support in U. We also denote the set of continuous
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functions on U, the set of continuous bounded functions on U, the set of compactly supported
continuous functions in U by C(U), Cb(U), C0(U), respectively. C∞(U) denotes the space of
continuous functions on U which vanish at infinity and C1−αloc (U), 0 < α < 1, denotes the set of
all locally Ho¨lder continuous functions of order 1 − α on U. We equip Rd with the Euclidean
norm ‖ · ‖, the corresponding inner product 〈·, ·〉 and write Br(x) := {y ∈ Rd | ‖x− y‖ < r}, x ∈ Rd.
In this section we present a result of symmetric elliptic regularity and an application to n-
regularized Liouville Brownian motion.
2.1 An elliptic regularity result of symmetric Dirichlet forms
Throughout this subsection, we assume
(A) ρ(x) > 0, ∀x ∈ Rd and ρ is continuous on Rd.
We consider the symmetric positive definite bilinear form
E( f , g) := 1
2
∫
Rd
〈∇ f ,∇g〉 dx, f , g ∈ C∞0 (Rd).
Then (E,C∞0 (Rd)) is closable in L2(Rd,m), m := ρdx and its closure (E,D(E)) is a symmet-
ric, strongly local, regular Dirichlet form (cf. [17, II. Section 2. a)]). Furthermore, it is well
known that (E,C∞0 (Rd)) is closable in L2(Rd, dx) and its closure is the symmetric Dirichlet form
(E,H1,2(Rd, dx)). Let us state the properties of (E,D(E)) by using the well-known Dirichlet form
(E,H1,2(Rd, dx)):
Theorem 2.1. (i) The Dirichlet form (E,D(E)) is the trace Dirichlet form of (E,H1,2(Rd, dx))
relative to m and D(E) = { f ∈ L2(Rd ,m) ∩ H1,2loc (Rd, dx) | ∇ f ∈ L2(Rd, dx)}.
(ii) Let d = 2. Then the Dirichlet form (E,D(E)) is recurrent. In particular, (E,D(E)) is
conservative.
(iii) Let d ≥ 3. Then the Dirichlet form (E,D(E)) is transient.
Proof. Recall that there exists a Brownian motion ((Wt)t≥0, (Px)x∈Rd ) on Rd associated with the
Dirichlet form (E,H1,2(Rd, dx)) (cf. [11, Example 4.2.1]). The positive Radon measure m =
ρdx does not charge capacity zero set of (E,H1,2(Rd, dx)) and the positive continuous additive
functional (At)t≥0 (in the strict sense) associated with the Revuz measure m is given by (cf. [11,
Example 5.1.1])
At =
∫ t
0
ρ(Ws) ds, t ≥ 0.
We define the support of (At)t≥0 by
˜Y = {x ∈ Rd | Px(R = 0) = 1},
where R = inf{t > 0 | At > 0}. Clearly, the support of m and (At)t≥0 is Rd. Therefore by [11,
Section 6.2], the trace Dirichlet form of (E,H1,2(Rd, dx)) on Rd relatve to m is (E,F ), where
F = { f ∈ L2(Rd,m) | f ∈ H1,2e (Rd, dx)}.
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By [8, Theorem 2.2.13], H1,2e (Rd, dx) = { f ∈ L2loc(Rd, dx) | ∇ f ∈ L2(Rd, dx)}. Here we denote
H1,2e (Rd, dx) by the extended Dirichlet space of H1,2(Rd, dx) (see [11, p. 40] for the definition).
Therefore
F = { f ∈ L2(Rd,m) ∩ H1,2loc (Rd, dx) | ∇ f ∈ L2(Rd, dx)}.
Furthermore, by [11, Theorem 6.2.1] the core of (E,F ) is C∞0 (Rd). This implies that the trace
Dirichlet form of (E,H1,2(Rd, dx)) relative to the measure m is the Dirichlet form (E,D(E)) (see
[11, Section 6.2]). Note that the 2-dimensional (resp. d-dimensional, d ≥ 3) Brownian motion
(Wt)t≥0 is recurrent on R2 (resp. transient on Rd, d ≥ 3) and therefore by [11, Theorem 6.2.3 (ii)],
(E,D(E)) is recurrent (resp. transient). 
Let (Tt)t>0 and (Gα)α>0 be the L2(Rd,m)-semigroup and resolvent associated to (E,D(E)) and
(L,D(L)) be the corresponding generator. (Tt)t>0 and (Gα)α>0 restricted to L1(Rd ,m)∩ L∞(Rd,m)
can be extended to strongly continuous contraction semigroups on all Lr(Rd,m), r ∈ [1,∞) and
we denote the corresponding operator families again by (Tt)t>0 and (Gα)α>0. Let (Lr,D(Lr)) be the
corresponding generator on Lr(Rd,m), r ∈ [1,∞). Furthermore (Tt)t>0 is an analytic semigroup
on every Lr(Rd,m), r ∈ (1,∞) (cf. [16, Proposition 1.8, Remark 1.2]). It is easy to see that
C∞0 (Rd) ⊂ D(Lr) and for all ϕ ∈ C∞0 (Rd)
Lϕ =
1
2
∆ϕ · ρ−1. (2.1)
Let us first restate an improved elliptic regularity result as stated in [4, Theorem 5.1] to prove
regularity of (Tt)t>0 and (Gα)α>0 (cf. [6]):
Proposition 2.2. Let U ⊂ Rd, d ≥ 2 be an open and µ a locally finite (signed) Borel measure on
U that is absolutely continuous w.r.t. dx on U. Suppose di j ∈ H1,ploc (U, dx) for some p > d and the
matrix D = (di j)1≤i, j≤d is locally strictly elliptic dx-a.e. on U, i.e. for each compact set K ⊂ U,
there exists some κK > 0 such that κK‖ξ‖2 ≤ 〈D(x)ξ, ξ〉, ∀ξ ∈ Rd dx-a.e. on K. Let either hi,
c ∈ Lploc(U, dx) or hi, c ∈ Lploc(U, µ) and let f ∈ Lploc(U, dx). Assume that one has
∫
U
( d∑
i, j=1
di j∂i jϕ +
d∑
i=1
hi∂iϕ + cϕ
)
dµ =
∫
U
ϕ f dx, ∀ϕ ∈ C∞0 (U),
where we assume that hi, c are locally µ-integrable. Then µ has a density in H1,ploc (U) that is
locally Ho¨lder continuous.
Additionally, we restate the Morrey’s estimate in our setting (see [7, Theorem 1.7.4]).
Proposition 2.3. Assume p > d ≥ 2. Let V be a bounded domain in Rd and b : V → Rd and
c, e : V → R such that
hi ∈ Lp(V, dx) and c, e ∈ Lq(V, dx) for q := dpd + p > 1.
Let ai j = a ji, ai j ∈ H1,ploc (Rd, dx) for all 1 ≤ i, j ≤ d and κ−1 ‖ξ‖2 ≤ 〈A(x)ξ, ξ〉 ≤ κ‖ξ‖2, ∀ξ ∈ Rd,
x ∈ V for some κ ≥ 1. Assume that u ∈ H1,p(V) is a solution of
∫
V
d∑
i=1
(
∂iϕ
( d∑
j=1
ai j∂ ju + hiu
))
+ ϕ(cu + e) dx = 0, ∀ϕ ∈ C∞0 (V),
4
Then for every domain V ′ with V ′ ⊂ V ′ ⊂ V, we obtain the estimate
‖u‖H1,p (V′) ≤ c(‖e‖Lq(V,dx) + ‖u‖L1(V,dx)),
where c < ∞ is some constant independent of e and u.
Corollary 2.4. Let α > 0. Suppose g ∈ Lr(Rd,m), r ∈ [p,∞). Then
Gαg ∈ H1,ploc (Rd, dx)
and for any open ball B′ ⊂ B′ ⊂ B ⊂ Rd there exists cB,α ∈ (0,∞), independent of g, such that
‖Gαg ‖H1,p (B′,dx) ≤ cB,α
(
‖Gαg‖L1(B,m) + ‖g‖Lp(B,m)
)
. (2.2)
Proof. Let g ∈ C∞0 (Rd). Then we have∫
Rd
(α − L)ϕGαg ρ dx =
∫
Rd
ϕ g ρ dx, ∀ϕ ∈ C∞0 (Rd). (2.3)
Since Gαg ∈ L1(Rd,m) ∩ L∞(Rd,m), we can define the signed Radon measure µ = − 12 Gαgdx.
Now we apply Proposition 2.2 with µ = − 12 Gαgdx, D = Id, c := −2α ρ ϕ and f = gρ to
prove the assertion for g ∈ C∞0 (Rd). Clearly, all integrability conditions are satisfied. Therefore,
Gαg ∈ H1,ploc (Rd, dx) for g ∈ C∞0 (Rd). Let u := 12 Gαg. Using integration by parts (2.3) can be
rewritten as ∫
Rd
d∑
i=1
∂iϕ ∂iu + ϕ(2αρu − gρ) dx = 0, ∀ϕ ∈ C∞0 (Rd).
Then for any open balls B′, B with B′ ⊂ B′ ⊂ B ⊂ Rd we apply Proposition 2.3 with ϕ ∈ C∞0 (B),
c = 2αρ ∈ Lq(B,dx) and e = −ρg ∈ Lq(B, dx), q := dp/(d + p) > 1. Hence we obtain (2.2)
for g ∈ C∞0 (Rd). Since C∞0 (Rd) is dense in (Lr(Rd,m), ‖ · ‖Lr (Rd ,m)), r ∈ [p,∞), the assertion for
general g ∈ Lr(Rd,m) follows by continuity. 
Corollary 2.5. Let t > 0, r ∈ [p,∞).
(i) Let u ∈ D(Lr). Then
Ttu ∈ H1,ploc (Rd, dx)
and for any open ball B′ ⊂ B′ ⊂ B ⊂ Rd there exists cB ∈ (0,∞) (independent of u and t)
such that
‖Ttu‖H1,p(B′,dx) ≤ cB
(
m(B) r−1r ‖u‖Lr (Rd ,m) + m(B)
r−p
rp ‖(1 − Lr)u‖Lr(Rd ,m)
)
. (2.4)
(ii) Let u ∈ Lr(Rd,m). Then the above statements still hold with (2.4) replaced by
‖Ttu‖H1,p(B′,dx) ≤ c˜B
(
1 +
1
t
)
‖u‖Lr(Rd ,m),
where c˜B ∈ (0,∞) (independent of f , t).
Proof. Using Corollary 2.4 and the analyticity of (Tt)t>0 one can show (i) and (ii) (see [1, Corol-
lary 2.4]). 
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Remark 2.6. The assumption that continuous ρ is strict positive on Rd as in (A) plays a crucial
role in the proof of (2.2) and (2.4). Therefore we can not relax the strict positivity of ρ.
By virtue of Corollary 2.4 and Corollary 2.5, exactly as in [1, Section 3], we obtain a semi-
group of kernels (Pt)t>0 and resolvent of kernels (Rα)α>0 on Rd as follows:
There exists a transition kernel density pt(·, ·) on Rd such that
Pt f (x) :=
∫
Rd
f (y)pt(x, y) m(dy), x ∈ Rd, t > 0
is a (temporally homogeneous) sub-Markovian transition function (cf. [9, 1.2]) and an m-version
of Tt f for any f ∈ ∪r≥pLr(Rd,m). Moreover, letting P0 := id and following [1, Proposition 3.2]
we obtain:
Theorem 2.7. (i) (Pt)t>0 is a semigroup of kernels on Rd which is Lr(Rd,m)-strong Feller
for all r ∈ [p,∞), i.e.
Pt f ∈ C(Rd), ∀ f ∈ ∪r≥pLr(Rd,m), ∀t > 0.
(ii)
lim
t→0
Pt+s f (x) = Ps f (x), ∀s ≥ 0, x ∈ Rd, f ∈ C∞0 (Rd).
(iii) (Pt)t>0 is a measurable semigroup on Rd , i.e. for f ∈ B+(Rd) the map (t, x) 7→ Pt f (x) is
B([0,∞) × Rd)-measurable.
Similarly, since for α > 0, f ∈ ∪r≥pLr(Rd,m), Gα f has a unique continuous m-version on Rd
by Corollary 2.4 as in [1, Lemma 3.4, Proposition 3.5], we can find (Rα)α>0 with resolvent kernel
density rα(·, ·) defined on Rd × Rd such that
Rα f (x) :=
∫
f (y) rα(x, y) m(dy), x ∈ Rd , α > 0,
satisfies
Rα f ∈ C(Rd) and Rα f = Gα f m-a.e for any f ∈ ∪r≥pLr(Rd,m).
Suppose that (E,D(E)) is conservative (e.g. Theorem 2.1 (ii)). Then we obtain from [1, Proposi-
tion 3.8] the following:
Theorem 2.8. Suppose that (E,D(E)) is conservative (e.g. d=2). Then,
(i) αRα1(x) = 1 for all x ∈ Rd , α > 0.
(ii) (Pt)t>0 is strong Feller on Rd, i.e. Pt(Bb(Rd)) ⊂ Cb(Rd) for all t > 0.
(iii) Pt1(x) = 1 for all x ∈ Rd, t > 0.
Theorem 2.9. There exists a continuous Hunt process (i.e. strong Markov with continuous
sample path)
M = (Ω,F , (Ft)t≥0, ζ, (Xt)t≥0, (Px)x∈Rd∪{∆})
with state space Rd , cemetery ∆, and the lifetime ζ := inf{t ≥ 0 | Xt = ∆}, having the transition
function (Pt)t≥0 as transition semigroup.
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Proof. Following the proof of [1, Section 4] with the state space {ρ > 0} replaced by Rd, we
can construct the associated diffusion process having the transition function (Pt)t≥0 as transition
semigroup on the state space Rd. 
Remark 2.10. Suppose that (E,D(E)) is conservative (e.g. d=2). Then, by Theorem 2.8 (ii),M
becomes a classical (conservative) diffusion with state space Rd , i.e.
Px(ζ = ∞) = 1, ∀x ∈ Rd .
Lemma 2.11. (i) Let f ∈ ⋃r∈[p,∞) Lr(Rd,m), f ≥ 0, then for all t > 0, x ∈ Rd ,
∫ t
0
Ps f (x) ds < ∞,
hence ∫ ∫ t
0
f (Xs) ds dPx < ∞.
(ii) Let u ∈ C∞0 (Rd), α > 0. Then
Rα
((α − L)u)(x) = u(x) ∀x ∈ Rd.
(iii) Let u ∈ C∞0 (Rd), t > 0. Then
Ptu(x) − u(x) =
∫ t
0
Ps(Lu)(x) ds ∀x ∈ Rd .
Proof. The proof is the same as [1, Lemma 5.1] with E replaced by Rd. 
Lemma 2.12. (i) For u ∈ C∞0 (Rd)
Lu2 − 2u Lu = ‖∇u‖2 · ρ−1.
(ii) Let u ∈ C∞0 (Rd) and
Mt :=
(
u(Xt) − u(X0) −
∫ t
0
Lu(Xr) dr
)2
−
∫ t
0
(
‖∇u‖2 · ρ−1
)
(Xr) dr, t ≥ 0.
Then (Mt)t≥0 is an (Ft)t≥0-martingale under Px, ∀x ∈ Rd.
Proof. (i) By (2.1) we obtain for u ∈ C∞0 (Rd)
Lu2 − 2u Lu = ‖∇u‖2 ρ−1 + u∆u ρ−1 − u∆u ρ−1 = ‖∇u‖2 · ρ−1.
(ii) Using Lemma 2.11 and (i), the proof is similar to [18, Proposition 3.3] with E replaced by
R
d (cf. [18, Section 6] ). 
Lemma 2.13. Let (Bk)k≥1 be an increasing sequence of relatively compact open sets in Rd with
∪k≥1Bk = Rd. Then for all x ∈ Rd
Px
(
lim
k→∞
σRd\Bk ≥ ζ
)
= 1.
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Proof. The proof is the same as [18, Lemma 3.4] with E replaced by Rd. 
Theorem 2.14. For each x ∈ Rd, the process M satisfies
Xt = x +
∫ t
0
ρ−1/2(Xs) dWs , t < ζ,
Px-a.s. where W = (W1, . . . ,Wd) is a standard d-dimensional Brownian motion on Rd . In
particular, if (E,D(E)) is conservative (e.g. d = 2), then the lifetime ζ is replaced by ∞.
Proof. Using Lemma 2.12 and Lemma 2.13, the proof is similar to the proof of Theorem 3.10.
So we omit it. 
Remark 2.15. In addition to (A), suppose that ρ ∈ H1,1loc (Rd, dx) and ‖∇(
√
ρ−1)‖ ∈ L2(d+1)loc (Rd, dx).
Then by [20, Theorem 1.1] the solution in Theorem 2.14 is strong, pathwise unique, and non
explosive.
2.2 Application to n-regularized Liouville Brownian motion
In [12] C. Garban, R. Rhodes, V. Vargas constructed a diffusion process with a massive Gaus-
sian free field X, called Liouville Brownian motion (LBM). By classical theory of Gaussian
multiplicative chaos (cf. [14]) Liouville measure is well defined and subsequently the LBM is
constructed by using approximation and construction of positive continuous additive functional
of Liouville measure relevant to a Brownian motion on R2. However as stated in [13, Section
1.4] it is not clear if one can construct directly the Liouville Brownian motion via the theory of
Dirichlet forms without using the results in [12]. In general there is no theory of Dirichlet forms
which enables to get rid of the polar set and construct a Hunt process starting from all points
of R2. We can answer in the affirmative only for the case of n-regularized Liouville Brownian
motion (n-LBM). Let us first restate some definitions and results as stated in [12] and [13]:
Massive Gaussian free field:
Given a real number m > 0, we consider a whole plane massive Gaussian free field which
is a centered Gaussian random distribution (in the sense of Schwartz) on a probability space
(Ω,A, P) with covariance function given by the Green function G(m) of the operator m2 − ∆, i.e.
(m2 − ∆)G(m)(x, ·) = 2piδx, x ∈ R2,
where δx stands for the Dirac mass at x. The massive Green function with the operator (m2 − ∆)
can be written as
G(m)(x, y) =
∫ ∞
0
e−
m2
2 s−
‖x−y‖2
2s
ds
2s
=
∫ ∞
1
km(s(x − y))
s
ds, x, y ∈ R2,
where
km(z) = 12
∫ ∞
0
e−
m2
2s ‖z‖2− s2 ds.
Note that this massive Green function is a kernel of σ-positive type in the sense of Kahane
[14] since we integrate a continuous function of positive type w.r.t. a positive measure. Let
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(cn)n≥1 be an unbounded strictly increasing sequence such that c1 = 1 and (Yn)n≥1 be a family of
independent centered continuous Gaussian fields on R2 on the probability space (Ω,A, P) with
covariance kernel given by
E[Yn(x) Yn(y)] =
∫ cn
cn−1
km(s(x − y))
s
ds.
The massive Gaussian free field is the Gaussian distribution defined by
X(x) =
∑
k≥1
Yk(x).
Liouville Brownian motion:
We define n-regularized field by
Xn(x) =
n∑
k=1
Yk(x), n ≥ 1
and the associated n-regularized Liouville measure by
Mn,γ(dz) = exp
(
γXn(z) − γ
2
2
E[Xn(z)2]
)
dz, γ ∈ (0, 2).
Since Mn,γ does not charge any polar set of the given planar Brownian motion (Wt)t≥0 (indepen-
dent of X), P-a.s. we can deduce a unique positive continuous additive functional (Fnt )t≥0 in the
strict sense associated to Mn,γ (see [11]). For every n ≥ 1, Fnt is defined as
Fnt :=
∫ t
0
eγXn(Ws)−
γ2
2 E[Xn(Ws)2]ds, t ≥ 0,
which is strictly increasing in t and then the n-LBM is defined as
Bnt = W(Fnt )−1 , t ≥ 0.
The n-LBM (Bnt )t≥0 can be thought of as the solution of the stochastic differential equation:
dBnt = e−
γ
2 Xn(Bnt )+
γ2
4 E[Xn(Bnt )2]dBt, Bn0 = x, x ∈ R2,
where B is a standard Brownian motion on R2 independent of X. Furthermore n-LBM is associ-
ated to the n-regularized Dirichlet form
En( f , g) = 1
2
∫
R2
∇ f (x) · ∇g(x) dx, f , g ∈ D(En),
where D(En) = { f ∈ L2(R2, Mn,γ) ∩ H1,2loc (R2, dx) | ∇ f ∈ L2(Rd, dx)}.
By the classical theory of Gaussian multiplicative chaos (see [14]), P-a.s. the family (Mn,γ)n≥1
weakly converges to a Radon measure Mγ, which is called Liouville measure, i.e. the Liouville
measure Mγ is formally defined as
Mγ(dz) = exp
(
γX(z) − γ
2
2
E[X(z)2]
)
dz.
In [12] the positive continuous additive functional (Ft)t≥0 (in the strict sense) of the planar Brow-
nian motion (Wt)t≥0 associated with the measure Mγ is constructed and then the LBM is defined
as
Bt = WF−1t , t ≥ 0.
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The support of the positive continuous additive functional (Ft)t≥0 is the whole space R2 (see
[12]). Since the support of (Ft)t≥0 is the whole space R2, the LBM is associated to the Liouville
Dirichlet form (see [11, Theorem 6.2.1])
E( f , g) = 1
2
∫
R2
∇ f (x) · ∇g(x) dx, f , g ∈ D(E),
where D(E) = { f ∈ L2(R2, Mγ) ∩ H1,2loc (R2, dx) | ∇ f ∈ L2(Rd, dx)}.
Construction of n-regularized Liouville Brownian motion via Dirichlet form theory:
Using the elliptic regularity results stated in this section, we construct the n-LBM starting from
all points on R2 via Dirichlet form theory. Let
ρ(z) := eγXn(z)− γ
2
2 E[X2n (z)], z ∈ R2.
Then, clealry ρ satisfies the assumption (A). Now we consider the symmetric bilinear form
En( f , g) := 1
2
∫
R2
∇ f · ∇g dx, f , g ∈ C∞0 (R2).
Then as shown in this section, (En,C∞0 (R2)) is closable in L2(R2, ρdx) and its closure (En,D(En))
is the n-regularized Dirichlet form (see Theorem 2.1 (i)). Furthermore, (En,D(En)) is conserva-
tive (see Theorem 2.1 (i)). Therefore, there exists a Hunt process ((Bnt )t≥0, (Px)x∈R2
∆
) associated
with the Dirichlet form (En,D(En)) as follows (see Theorem 2.9 and 2.14):
Theorem 2.16. P-a.s. it holds for all x ∈ R2
Bnt = x +
∫ t
0
e−
γ
2 Xn(Bns )+
γ2
4 E[Xn(Bns )2]dBs, t ≥ 0,
Px-a.s. where B is a standard 2-dimensional Brownian motion on R2.
3 Elliptic regularity results and singular diffusions as-
sociated with nonsymmetric degenerate forms
In this section we consider a non-symmetric Dirichlet form (E,D(E)) in L2(Rd,m) as defined in
[17, I. Definition 4.5]. Let (Tt)t>0 (resp. ( ˆTt)t>0) and (Gα)α>0 (resp. ( ˆGα)α>0 ) be the strongly con-
tinuous contraction L2(Rd,m)-semigroup (resp. cosemigroup) and resolvent (resp. coresolvent)
associated to (E,D(E)) and (L,D(L)) (resp. ( ˆL,D( ˆL))) be the corresponding generator (resp. co-
generator) (see [17, Diagram 3, p. 39] and see [17, I. 1] for the definitions). Then (Tt)t>0 (resp.
( ˆTt)t>0) and (Gα)α>0 (resp. ( ˆGα)α>0) are sub-Markovian (cf. [17, I. Section 4]). Here an oper-
ator S is called sub-Markovian if 0 ≤ f ≤ 1, f ∈ L2(Rd,m) implies 0 ≤ S f ≤ 1. Therefore
analogous to symmetric case, (Tt)t>0 (resp. (Gα)α>0) can be extended to contraction semigroups
(resp. resolvents) on L1(Rd,m) and so (Tt)t>0 (resp. (Gα)α>0) restricted to L1(Rd,m) ∩ L∞(Rd,m)
can be extended to strongly continuous contraction semigroups (resp. contraction resolvents) on
all Lr(Rd ,m), r ∈ [1,∞). We denote the corresponding operator families again by (Tt)t>0 and
(Gα)α>0 and let (Lr,D(Lr)) be the corresponding generator on Lr(Rd,m). Furthermore by [17,
I. Corollary 2.21], it holds that (Tt)t>0 is analytic on L2(Rd,m) and then by Stein interpolation
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(cf. e.g. [3, Lecture 10, Theorem 10.8]) (Tt)t>0 is also analytic semigroup on Lr(Rd,m) for all
r ∈ (1,∞).
Suppose furthermore (E,D(E)) is a strictly quasi-regular, strongly local, non-symmetric Dirich-
let form in L2(Rd,m). Then there exists a Hunt process ˜M = ( ˜Ω, ˜F , ( ˜F )t≥0, ˜ζ, ( ˜Xt)t≥0, ( ˜Px)x∈Rd
∆
)
(strictly properly) associated with (E,D(E)) (see [17, V.2.13]). Consider the strict capacity CapE
of the non-symmetric Dirichlet form (E,D(E)) as defined in [17, V.2.1], i.e.
CapE = cap1, ˆG1ϕ
for some fixed ϕ ∈ L1(Rd ,m) ∩ Bb(Rd), 0 < ϕ ≤ 1. Then following [18, Section 2], we may
hence assume that
˜Ω = {ω = (ω(t))t≥0 ∈ C([0,∞),Rd∆) | ω(t) = ∆ ∀t ≥ ζ(ω)} (3.1)
and
˜Xt(ω) = ω(t), t ≥ 0.
The existence of a Hunt process ˜M (associated with a strictly quasi-regular Dirichlet form
(E,D(E))) with (3.1) is used to construct another Hunt process we need in this section (see
[18, Theorem 2.12]).
3.1 Singular diffusions associated with non-symmetric degenerate
forms
Throughout this subsection we assume:
(H1) ρ = ξ2, ξ ∈ H1,2loc (Rd , dx), ρ > 0 dx-a.e. and
‖∇ρ‖
ρ
∈ Lploc(Rd ,m), m := ρdx,
p := (d + ε) ∨ 2 for some ε > 0.
(H2) Let A = (ai j)1≤i, j≤d be a symmetric (possibly) degenerate (uniformly weighted) elliptic
d × d matrix, i.e. there exists a constant λ ≥ 1 such that for dx-a.e. x ∈ Rd
λ−1 ρ(x) ‖ξ‖2 ≤ 〈A(x)ξ, ξ〉 ≤ λ ρ(x) ‖ξ‖2, ∀ξ ∈ Rd. (3.2)
By (H1) the symmetric positive definite bilinear form
E0( f , g) := 1
2
∫
Rd
〈∇ f ,∇g〉 dm, f , g ∈ C∞0 (Rd) (3.3)
is closable in L2(Rd ,m) and its closure (E0,D(E0)) is a symmetric, strongly local, regular Dirich-
let form (see [1]). According to (H2) and (3.3), the symmetric positive definite bilinear form
EA( f , g) := 1
2
∫
Rd
〈A∇ f ,∇g〉 dx, f , g ∈ C∞0 (Rd)
is also closable in L2(Rd,m) and its closure (EA,D(EA)) is a symmetric, strongly local, regular
Dirichlet form (see [11]). We further assume
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(H3) B : Rd → Rd, ‖B‖ ∈ Lploc(Rd,m) where p is the same as in (H1) and∫
Rd
〈B,∇ f 〉 dm = 0, ∀ f ∈ C∞0 (Rd),
and
(H4) ∣∣∣∣∣
∫
Rd
〈B,∇ f 〉 g ρ dx
∣∣∣∣∣ ≤ c0 EA1 ( f , f )1/2 EA1 (g, g)1/2, ∀ f , g ∈ C∞0 (Rd),
where c0 is some constant (independent of f and g) and EAα(·, ·) := EA(·, ·) + α(·, ·)L2(Rd ,m),
α > 0.
Now we consider the non-symmetric bilinear form
E( f , g) := 1
2
∫
Rd
〈A∇ f ,∇g〉 dx −
∫
Rd
〈B,∇ f 〉 g dm, f , g ∈ C∞0 (Rd).
Using the assumptions (H1)-(H4) and the closability of (EA,C∞0 (Rd)) one can show that (E,C∞0 (Rd))
is closable in L2(Rd ,m) and the closure (E,D(E)) is a non-symmetric Dirichlet form (see [17, II.
2. d) p. 48, 49] for the proof of Dirichlet form). Furthermore by [17, V. Proposition 2.12 (ii)]
(E,D(E)) is strictly quasi-regular.
Lemma 3.1. Assume (H1). Then ρ is in H1,ploc (Rd, dx) and ρ has a continuous dx-version in
C1−d/ploc (Rd).
Proof. By [1, Corollary 2.2] the assumption (H1) implies ρ ∈ H1,ploc (Rd, dx). Therefore ρ has a
continuous dx-version in C1−d/ploc (Rd). 
From now on, we shall always consider the continuous dx-version of ρ as in Lemma 3.1 and
denote it also by ρ. We further assume the integrability of the derivative of ai j:
(H5) For each 1 ≤ i, j ≤ d, ai j ∈ H1,1loc (Rd, dx) and ∂ j
(
ai j
ρ
)
∈ Lploc(Rd , dx), where p is the same as
in (H1).
Lemma 3.2. For each 1 ≤ i, j ≤ d, ai j
ρ
∈ L∞(Rd,m) and ∂ jai j
ρ
∈ Lploc(Rd,m).
Proof. By (H2),
∣∣∣∣ ai jρ
∣∣∣∣ ≤ λ − 1λ (1 − δi j), where 1 ≤ i, j ≤ d and δi j := 1 if i = j, δi j := 0 if i , j.
Together with (H1) this implies that ai j
ρ
∈ L∞(Rd,m). Furthermore by (H1), (H2), (H5)
∂ jai j
ρ
= ∂ j
(
ai j
ρ
)
− ai j
ρ
∂ jρ
ρ
∈ Lploc(Rd,m).

By (H3) and Lemma 3.2 we get C∞0 (Rd) ⊂ D(Lr) for any r ∈ [1, p] and
Lrϕ =
1
2
d∑
i, j=1
ai j
ρ
∂i jϕ +
d∑
i=1
( d∑
j=1
∂ jai j
2ρ
+ bi
)
∂iϕ, ϕ ∈ C∞0 (Rd), r ∈ [1, p]. (3.4)
The regularity properties of (Tt)t>0 and (Gα)α>0 in the symmetric case (resp. non-symmetric
case) were discussed in [1], [4], and Section 2 (resp. [18]). Using Proposition 2.2 and Proposition
2.3 we obtain similar regularity properties for non-symmetric case with the (possibly) degenerate
matrix A satisfying (H2).
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Theorem 3.3. Let α > 0. Suppose g ∈ Lr(Rd,m), r ∈ [p,∞). Then
ρGαg ∈ H1,ploc (Rd, dx)
and for any open ball B′ ⊂ B′ ⊂ B ⊂ B ⊂ {ρ > 0} there exists cB,α ∈ (0,∞), independent of g,
such that
‖ ρGαg ‖H1,p(B′,dx) ≤ cB,α
(
‖Gαg‖L1(B,m) + ‖g‖Lp (B,m)
)
. (3.5)
Proof. Let g ∈ C∞0 (Rd). Then we have by (H3) and (3.4)
ˆLϕ =
1
2
d∑
i, j=1
ai j
ρ
∂i jϕ +
d∑
i=1
( d∑
j=1
∂ jai j
2ρ
− bi
)
∂iϕ
and ∫
Rd
(α − ˆL)ϕ Gαg ρ dx =
∫
Rd
ϕ g ρ dx, ∀ϕ ∈ C∞0 (Rd). (3.6)
Now we apply Proposition 2.2 with di j =
ai j
2ρ , hi =
∑d
j=1
∂ jai j
2ρ − bi, c = −α, µ = −ρGαgdx, and
f = gρ. We check all necessary conditions: Since Gαg ∈ L1(Rd,m)∩L∞(Rd,m) for g ∈ C∞0 (Rd) ⊂
L1(Rd ,m) ∩ L∞(Rd ,m), we can define the locally finite signed Borel measure µ = −ρGαgdx. By
Lemma 3.2 and (H5), ai j2ρ ∈ H1,ploc (Rd, dx). By (H3) and Lemma 3.2,
∑d
j=1
∂ jai j
2ρ − bi ∈ L
p
loc(Rd,m)
and so together with Gαg ∈ L∞(Rd,m) this implies that ∑dj=1 ∂ jai j2ρ − bi ∈ Lploc(Rd, µ). Clearly
−α ∈ Lploc(Rd, µ) and gρ ∈ Lploc(Rd, dx).
Hence for g ∈ C∞0 (Rd), ρGαg ∈ H1,ploc (Rd, dx). Let u := ρGαg. Using integration by parts
(3.6) can be written as
∫
Rd
d∑
i=1
∂iϕ

d∑
j=1
(
ai j
2ρ
)
∂ ju +

d∑
j=1
∂ j
(
ai j
2ρ
)
−
d∑
j=1
∂ jai j
2ρ
+ bi
 u
 + ϕ (αu − ρg) dx = 0.
Therefore for any open balls B′, B with B′ ⊂ B′ ⊂ B ⊂ B ⊂ {ρ > 0}, we can apply Proposition
2.3 with ϕ ∈ C∞0 (B). We can check that all necessary conditions are satisfied. Therefore (3.5)
holds for g ∈ C∞0 (Rd). Since C∞0 (Rd) is dense in (Lr(Rd,m), ‖ · ‖Lr(Rd ,m)), r ∈ [p,∞), the assertion
for general g ∈ Lr(Rd,m) follows by continuity. 
Corollary 3.4. Let t > 0, r ∈ [p,∞).
(i) Let u ∈ D(Lr). Then
ρTtu ∈ H1,ploc (Rd, dx)
and for any open balls B′, B with B′ ⊂ B′ ⊂ B ⊂ B ⊂ {ρ > 0} there exists cB ∈ (0,∞)
(independent of u and t) such that
‖Ttu‖H1,p(B′,dx) ≤ cB
(
m(B) r−1r ‖u‖Lr (Rd ,m) + m(B)
r−p
rp ‖(1 − Lr)u‖Lr(Rd ,m)
)
. (3.7)
(ii) Let u ∈ Lr(Rd,m). Then the above statements still hold with (3.7) replaced by
‖ρTtu‖H1,p(B′,dx) ≤ c˜B
(
1 +
1
t
)
‖u‖Lr(Rd ,m),
where c˜B ∈ (0,∞) (independent of f , t).
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Proof. Using Theorem 3.3 and the analyticity of (Tt)t>0 the proof is the same as [1, Corollary
2.4]. 
In this subsection we shall keep the notation
E := {ρ > 0}.
By virtue of Lemma 3.1, Corollaries 3.3, 3.4, exactly as in [1, Section 3] (cf. [18]), we obtain
the existence of a transition kernel density pt(·, ·) on the open set E such that
Pt f (x) :=
∫
Rd
f (y)pt(x, y) m(dy), x ∈ E, t > 0
is a submarkovian transition function and an m-version of Tt f for any f ∈ ∪r≥pLr(Rd ,m). More-
over, (Pt)t>0 satisfies the properties as in Theorem 2.7 with Rd replaced by E.
Let Cap (resp. Cap0) be the capacity related to the symmetric Dirichlet form (EA,D(EA)) (resp.
(E0,D(E0))) as defined in [11, Section 2.1]. Note that Cap0({ρ = 0}) = 0 by [10, Theorem 2].
Lemma 3.5. Let N ⊂ Rd. Then
Cap0(N) = 0 ⇒ Cap(N) = 0 ⇒ CapE(N) = 0.
In particular CapE({ρ = 0}) = 0.
Proof. Let N ⊂ Rd be such that Cap0(N) = 0. By (3.2), Cap(N) = 0. Then the statement follows
from the proof of [18, Lemma 2.10] that CapE(N) = 0. 
Following [18, Section 2] with the existence of ˜M, Theorem 3.3, Corollary 3.4, and Lemma
3.5, we obtain (cf. [18, Theorem 2.12]):
Theorem 3.6. There exists a continuous Hunt process
M = (Ω,F , (Ft)t≥0, ζ, (Xt)t≥0, (Px)x∈E∆ )
with state space E, having the transition function (Pt)t≥0 as transition semigroup.
We further consider
(H6) (E,D(E)) is conservative.
Remark 3.7. (i) Assume (H6) holds (additionally to (H1)-(H5)). Then Theorem 2.8 and
Remark 2.10 hold with Rd replaced by E. Furthermore, one can drop ∆ in Theorem 3.6
(ii) Assume (H1)-(H5). Then Lemma 2.11 and Lemma 2.13 hold with Rd replaced by E.
Lemma 3.8. (i) For u ∈ C∞0 (Rd)
Lu2 − 2u Lu =
d∑
i, j=1
ai j
ρ
∂iu ∂ ju.
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(ii) Let u ∈ C∞0 (Rd) and
Mt :=
(
u(Xt) − u(X0) −
∫ t
0
Lu(Xr) dr
)2
−
∫ t
0
( d∑
i, j=1
ai j
ρ
∂iu ∂ ju
)
(Xr) dr, t ≥ 0.
Then (Mt)t≥0 is an (Ft)t≥0-martingale under Px, ∀x ∈ E.
Proof. (i) This follows immediately from (3.4). (ii) Using (i) and Remark 3.7 (ii) the proof is
similar to [18, Proposition 3.3]. 
Let
Mut := u(Xt) − u(X0) −
∫ t
0
Lu(Xs) ds, u ∈ C∞0 (E), t ≥ 0. (3.8)
Clearly (Mut )t≥0 is a continuous (Ft)t≥0-martingale under Px, x ∈ E and for u1, u2 ∈ C∞0 (E),
Mu1+u2t = M
u1
t + M
u2
t . By Lemma 3.8 Mut ∈ L2(Ω,Ft,Px) and its quadratic variation is given by
〈Mu〉t =
∫ t
0
( d∑
i, j=1
ai j
ρ
∂iu ∂ ju
)
(Xs) ds.
We define quadratic covariation process by
〈Mu1 , Mu2 〉 = 1
2
(
〈Mu1 + Mu2 〉 − 〈Mu1 〉 − 〈Mu2 〉
)
.
Lemma 3.9. Let u1, u2 ∈ C∞0 (E). Then
〈Mu1 , Mu2 〉t =
∫ t
0
( d∑
i, j=1
ai j
ρ
∂iu1 ∂ ju2
)
(Xs) ds.
Theorem 3.10. Under (H1)-(H5) after enlarging the stochastic basis (Ω,F , (Ft)t≥0,Px) appro-
priately for any x ∈ E, i = 1, . . . , d, the process M satisfies
Xit = xi +
d∑
j=1
∫ t
0
σi j√
ρ
(Xs) dW js +
∫ t
0

d∑
j=1
∂ jai j
2ρ
+ bi
 (Xs) ds, t < ζ,
where (σi j)1≤i, j≤d =
√
A is the positive square root of the matrix A, W = (W1, . . . ,Wd) is a stan-
dard d-dimensional Brownian motion on Rd. If additionally (H6) holds, then ζ can be replaced
by ∞ (cf. Remark 3.7 (i)).
Proof. Let uk ∈ C∞0 (E), k = 1, . . . , d. Note that by Lemma 3.9
〈Muk , Mul 〉t =
∫ t
0
( d∑
i, j=1
ai j
ρ
∂iuk ∂ jul
)
(Xs) ds, 1 ≤ k, l ≤ d.
Suppose ζ < ∞. Since
(∑d
i, j=1
ai j
ρ
∂iuk ∂ jul
)
is degenerate, it is standard that there is an en-
largement ( ¯Ω, ¯F , ¯Px) of the underlying probability space (Ω,F ,Px) and a d-dimensional Brow-
nian motion (Wt)t≥0 = (W1t , . . . ,Wdt )t≥0 on ( ¯Ω, ¯F , ¯Px) and a d × d matrix η = (ηki)1≤i,k≤d such
that
Mukt =
d∑
i=1
∫ t
0
ηki(Xs) dWks , 1 ≤ k ≤ d, t ≥ 0.
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Here 〈ρ−1A∇uk,∇ul〉 = 〈√ρ−1
√
A∇uk, √ρ−1
√
A∇ul〉 =
∑d
i=1 ηkiηli (cf. [15, Section 3.4.A., 4.2
Theorem]). The identification of X up to ζ is now obtained by using Remark 3.7 (ii) with an
appropriate localizing sequence for which the coordinate projections on E coincide locally with
C∞0 (E)-functions. The localization of the drift part in (3.8) is trivial. 
Remark 3.11. The results of this subsection include the particular case with
A(x) = ρ(x) · Id and λ = 1.
Therefore, our consequences in this subsection lead to an extension of the results of [18].
3.2 Singular diffusions associated with locally uniformly elliptic
form
In this subsection, we alway assume (H1) for ρ and (H3) for B as in Subsection 3.1 and consider
a symmetric locally uniformly elliptic d × d matrix A = (ai j)1≤i, j≤d such that
(H7) ai j ∈ H1,ploc (Rd, dx), p as in (H1) and for any compact set K ⊂ Rd there exists a constant
cK > 0 such that for dx-a.e. x ∈ K
cK ‖ξ‖2 ≤ 〈A(x)ξ, ξ〉, ∀ξ ∈ Rd.
By Lemma 3.1 (resp. (H7)), ρ (resp. ai j) has a continuous dx-version in C1−d/ploc (Rd). Throughout
this subsection we shall always consider the continuous dx-version of ρ (resp. ai j) and denote it
also by ρ (resp. ai j). The symmetric positive definite bilinear form
EA( f , g) := 1
2
∫
Rd
〈A∇ f ,∇g〉 dm, f , g ∈ C∞0 (Rd), m := ρdx (3.9)
is closable in L2(Rd ,m) and its closure (EA,D(EA)) is a symmetric, strongly local, regular Dirich-
let form (see [17, II. Exercise 2.4]). We further assume (H4) with EA replaced by EA as in (3.9).
Now we consider the non-symmetric bilinear form
E( f , g) := 1
2
∫
Rd
〈A∇ f ,∇g〉 dm −
∫
Rd
〈B,∇ f 〉 g dm, f , g ∈ C∞0 (Rd).
Since (EA,C∞0 (Rd)) is closable, (E,C∞0 (Rd)) is also closable in L2(Rd,m) and the closure (E,D(E))
is a non-symmetric Dirichlet form (see [17, II. 2. d) p. 48, 49]). Furthermore by [17, V. Proposi-
tion 2.12 (ii)] (E,D(E)) is strictly quasi-regular. By (H1), (H3), and (H7), we get C∞0 (Rd) ⊂ D(Lr)
and
Lr f = 12
d∑
i, j=1
ai j ∂i j f +
d∑
i=1
( d∑
j=1
1
2
∂ jai j +
∂ jρ
2ρ
ai j + bi
)
∂i f , f ∈ C∞0 (Rd), r ∈ [1, p], (3.10)
where p is same as in (H1).
Theorem 3.12. Let α > 0. Suppose g ∈ Lr(Rd,m), r ∈ [p,∞). Then
ρGαg ∈ H1,ploc (Rd, dx)
and for any open ball B′ ⊂ B′ ⊂ B ⊂ B ⊂ {ρ > 0} there exists cB,α ∈ (0,∞), independent of g,
such that
‖ ρGαg ‖H1,p(B′,dx) ≤ cB,α
(
‖Gαg‖L1(B,m) + ‖g‖Lp (B,m)
)
. (3.11)
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Proof. For g ∈ C∞0 (Rd) we have∫
(α − ˆL)ϕ Gαg ρ dx =
∫
ϕ g ρ dx, ∀ϕ ∈ C∞0 (Rd), (3.12)
where
ˆLϕ =
1
2
d∑
i, j=1
ai j ∂i jϕ +
d∑
i=1
( d∑
j=1
1
2
∂ jai j +
∂ jρ
2ρ
ai j − bi
)
∂iϕ.
Now we apply Proposition 2.2 with di j =
ai j
2 , hi =
∑d
j=1
1
2∂ jai j+
∂ jρ
2ρ ai j−bi, c = −α, µ = −ρGαgdx,
and f = gρ to prove the assertion for g ∈ C∞0 (Rd). All necessary integrability conditions are
satisfied. Hence for g ∈ C∞0 (Rd), ρGαg ∈ H1,ploc (Rd, dx). Let u := ρGαg. Using integration by
parts (3.12) can be written as
∫
Rd
d∑
i=1
∂iϕ

d∑
j=1
(ai j
2
)
∂ ju +

d∑
j=1
∂ j
(ai j
2
)
−
d∑
j=1
1
2
∂ jai j −
∂ jρ
2ρ
ai j + bi
 u
 + ϕ (αu − ρg) dx = 0.
Therefore for any open balls B′, B with B′ ⊂ B′ ⊂ B ⊂ B ⊂ {ρ > 0}, we can apply Proposition
2.3 with ϕ ∈ C∞0 (B). Since all integrability conditions are satisfied, (3.11) holds for g ∈ C∞0 (Rd).
Then, since C∞0 (Rd) is dense in (Lr(Rd,m), ‖ · ‖Lr (Rd ,m)), r ∈ [p,∞), the assertion for general
g ∈ Lr(Rd,m) follows by continuity. 
Let E := {ρ > 0}. Then we obtain Corollary 3.4 and following subsequent results as in
Section 3.1, we have the existence of a transition kernel density pt(·, ·) on the open set E such
that
Pt f (x) :=
∫
Rd
f (y)pt(x, y) m(dy), x ∈ E, t > 0
is a submarkovian transition function and an m-version of Tt f for any f ∈ ∪r≥pLr(Rd,m).
Let Cap be the capacity related to the symmetric Dirichlet form (EA,D(EA)) as defined in [11,
Section 2.1].
Lemma 3.13. (i) Cap({ρ = 0}) = 0.
(ii) Let N ⊂ Rd. Then
Cap(N) = 0 ⇒ CapE(N) = 0.
In particular CapE({ρ = 0}) = 0.
Proof. (i) We follow the proof of [4, Proposition 4.4] (cf. [10]). (ii) The proof is the same as
Lemma 3.5. 
Then analogous to Theorem 3.6, we can construct a continuous Hunt process
M = (Ω,F , (Ft)t≥0, ζ, (Xt)t≥0, (Px)x∈E∆ )
with state space E, having the transition function (Pt)t≥0 as transition semigroup (for details see
Subsection 3.1).
Lemma 3.14. (i) For u ∈ C∞0 (Rd)
Lu2 − 2u Lu =
d∑
i, j=1
ai j ∂iu ∂ ju.
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(ii) Let u ∈ C∞0 (Rd) and
Mt :=
(
u(Xt) − u(X0) −
∫ t
0
Lu(Xr) dr
)2
−
∫ t
0
( d∑
i, j=1
ai j ∂iu ∂ ju
)
(Xr) dr, t ≥ 0.
Then (Mt)t≥0 is an (Ft)t≥0-martingale under Px, ∀x ∈ E.
Proof. (i) This follows immediately from (3.10). (ii) For the proof, we refer to Lemma 3.8. 
Theorem 3.15. Assume (H1), (H3), (H4), and (H7). For each x ∈ E, i = 1, . . . , d, the process
M satisfies
Xit = xi +
d∑
j=1
∫ t
0
σi j(Xs) dW js +
∫ t
0

d∑
j=1
∂ jai j
2
+
∂ jρ
2ρ
ai j + bi
 (Xs) ds, t < ζ,
where (σi j)1≤i, j≤d =
√
A is the positive square root of the matrix A, W = (W1, . . . ,Wd) is a
standard d-dimensional Brownian motion on Rd. If we additionally assume conservativeness of
(E,D(E)), then ζ can be replaced by ∞.
Proof. Using Lemma 3.14 and previous results, the proof is similar to Theorem 3.10. So we
omit it. 
3.3 Singular diffusions associated with degenerate forms with Lebesgue
measure
In this subsection we consider the following assumption:
(H8) Let ψ ∈ C(Rd) and ψ > 0 dx-a.e. and A = (ai j)1≤i, j≤d be a symmetric degenerate elliptic
d × d matrix, that is ai j ∈ H1,ploc (Rd, dx), p > d, such that for dx-a.e. x ∈ Rd
ψ(x) ‖ξ‖2 ≤ 〈A(x)ξ, ξ〉, ∀ξ ∈ Rd.
By [11, Section 3.1 (1◦)] the symmetric positive definite bilinear form
EA( f , g) := 1
2
∫
Rd
〈A∇ f ,∇g〉 dx, f , g ∈ C∞0 (Rd)
is closable in L2(Rd , dx) and its closure (EA,D(EA)) is a symmetric, strongly local, regular Dirich-
let form. We further assume:
(H9) B : Rd → Rd, ‖B‖ ∈ Lploc(Rd, dx) where p > d and∫
Rd
〈B,∇ f 〉 dx = 0, ∀ f ∈ C∞0 (Rd),
and ∣∣∣∣∣
∫
Rd
〈B,∇ f 〉 g dx
∣∣∣∣∣ ≤ c0 EA1 ( f , f )1/2 EA1 (g, g)1/2, ∀ f , g ∈ C∞0 (Rd),
where c0 is some constant (independent of f and g).
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Now we consider the non-symmetric bilinear form
E( f , g) := 1
2
∫
Rd
〈A∇ f ,∇g〉 dx −
∫
Rd
〈B,∇ f 〉 g dx, f , g ∈ C∞0 (Rd).
Since (EA,C∞0 (Rd)) is closable, (E,C∞0 (Rd)) is also closable in L2(Rd, dx) and its closure (E,D(E))
is a non-symmetric Dirichlet form (cf. [17, II. 2. d)]). Furthermore by [17, V. Proposition 2.12
(ii)] (E,D(E)) is strictly quasi-regular.
Theorem 3.16. Let α > 0. Suppose g ∈ Lr(Rd, dx), r ∈ [p,∞). Then
Gαg ∈ H1,ploc (Rd, dx)
and for any open ball B′ ⊂ B′ ⊂ B ⊂ B ⊂ {ψ > 0} there exists cB,α ∈ (0,∞), independent of g,
such that
‖Gαg ‖H1,p (B′,dx) ≤ cB,α
(
‖Gαg‖L1(B,dx) + ‖g‖Lp(B,dx)
)
. (3.13)
Proof. Let g ∈ C∞0 (Rd). Then we have∫
(α − ˆL)ϕ Gαg dx =
∫
ϕ g dx, ∀ϕ ∈ C∞0 (Rd), (3.14)
where
ˆLϕ =
1
2
d∑
i, j=1
ai j ∂i jϕ +
d∑
i=1
( d∑
j=1
∂ jai j
2
− bi
)
∂iϕ.
Now we apply Proposition 2.2 with di j =
ai j
2 , hi =
∑d
j=1
∂ jai j
2 − bi, c = −α, µ = −Gαgdx, and
f = g to prove the assertion for g ∈ C∞0 (Rd). All necessary integrability conditions are satisfied.
Hence for g ∈ C∞0 (Rd), Gαg ∈ H1,ploc (Rd, dx). Let u := Gαg. Using integration by parts (3.14) can
be written as
∫
Rd
d∑
i=1
∂iϕ

d∑
j=1
(ai j
2
)
∂ ju +

d∑
j=1
∂ j
(ai j
2
)
−
d∑
j=1
∂ jai j
2
+ bi
 u
 + ϕ (αu − g) dx = 0.
Now for any open balls B′, B with B′ ⊂ B′ ⊂ B ⊂ B ⊂ {ψ > 0}, we can apply Proposition
2.3 with ϕ ∈ C∞0 (B). Then, since all integrability conditions are satisfied, (3.13) holds for g ∈
C∞0 (Rd). Since C∞0 (Rd) is dense in (Lr(Rd, dx), ‖ · ‖Lr (Rd ,dx)), r ∈ [p,∞), the assertion for general
g ∈ Lr(Rd, dx) follows by continuity. 
Let E1 := {ψ > 0}. Then we obtain Corollary 3.4 with {ρ > 0} replaced by E1 and following
subsequent results as in Section 3.1, we have the existence of a transition kernel density pt(·, ·)
on the open set E1 such that
Pt f (x) :=
∫
Rd
f (y)pt(x, y) dy, x ∈ E1, t > 0
is a submarkovian transition function and an dx-version of Tt f for any f ∈ ∪r≥pLr(Rd , dx). We
further assume
(H10) CapE({ψ = 0})=0.
Remark 3.17. The assumption (H10) is satisfied if we take ψ as in (H1) (see Subsection 3.1).
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Then, similar to Theorem 3.6, we can construct a continuous Hunt process
M = (Ω,F , (Ft)t≥0, ζ, (Xt)t≥0, (Px)x∈E1∆ )
with state space E1, having the transition function (Pt)t≥0 as transition semigroup (for details see
Subsection 3.1).
By (H8) and (H9) we get C∞0 (Rd) ⊂ D(Lr) for any r ∈ [1, p] and
Lr f = 12
d∑
i, j=1
ai j ∂i j f +
d∑
i=1
( d∑
j=1
∂ jai j
2
+ bi
)
∂i f , f ∈ C∞0 (Rd). (3.15)
Lemma 3.18. (i) For u ∈ C∞0 (Rd)
Lu2 − 2u Lu =
d∑
i, j=1
ai j ∂iu ∂ ju.
(ii) Let u ∈ C∞0 (Rd) and
Mt :=
(
u(Xt) − u(X0) −
∫ t
0
Lu(Xr) dr
)2
−
∫ t
0
( d∑
i, j=1
ai j ∂iu ∂ ju
)
(Xr) dr, t ≥ 0.
Then (Mt)t≥0 is an (Ft)t≥0-martingale under Px, ∀x ∈ E1 .
Proof. (i) This follows immediately from (3.15). (ii) For the proof, we refer to Lemma 3.8. 
Theorem 3.19. Under (H8)-(H10) for any x ∈ E1 , i = 1, . . . , d, the processM satisfies
Xit = xi +
d∑
j=1
∫ t
0
σi j(Xs) dW js +
∫ t
0

d∑
j=1
∂ jai j
2
+ bi
 (Xs) ds, t < ζ,
where (σi j)1≤i, j≤d =
√
A is the positive square root of the matrix A, W = (W1, . . . ,Wd) is a
standard d-dimensional Brownian motion on Rd. If we additionally assume conservativeness of
(E,D(E)), then ζ can be replaced by ∞.
Proof. Using Lemma 3.18 and previous results, the proof is similar to Theorem 3.10. 
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